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Summary. We consider the problem of simultaneous variable selection and
estimation in partially linear models with a divergent number of covariates in
the linear part, under the assumption that the vector of regression coefficients is
sparse. We apply the SCAD penalty to achieve sparsity in the linear part and use
polynomial splines to estimate the nonparametric component. Under reasonable
conditions it is shown that consistency in terms of variable selection and estimation
can be achieved simultaneously for the linear and nonparametric components.
Furthermore, the SCAD-penalized estimators of the nonzero coefficients are shown to
be asymptotically normal with the same means and covariances that they would have
if the zero coefficients were known in advance. Simulation studies are conducted to

evaluate the finite sample behavior of the SCAD-penalized estimators.
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1. Introduction. Consider a partially linear model (PLM)

Y =X'B+¢g(T) +e,

where 3 is a p x 1 vector of regression coefficients associated with X, and ¢ is an unknown
function of 7. In this model, the mean response is linearly related to X, while its relation with
T' is not specified up to any finite number of parameters. This model combines the flexibility of
nonparametric regression and parsimony of linear regression. When the relation between Y and

X is of main interest and can be approximated by a linear function, it offers more interpretability

than a purely nonparametric model.

We consider the problem of simultaneous variable selection and estimation in the PLM when

p is large in the sense that p — oo as the sample size n — oo. For finite-dimensional 3,
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several approaches have been proposed to estimate 3 and g. Examples include the partially
spline estimator [Wahba (1984), Engle, Granger, Rice and Weiss (1986) and Heckman (1986)]
and the partially residual estimator [Robinson (1988), Speckman (1988) and Chen (1988)]. A
detailed treatment of the PLM can be found in Hirdel, Liang and Gao (2000). Under appropriate
assumptions about the smoothness of g and the structure of X, these estimators of 3 were shown
to be \/n-consistent and asymptotically normal. It was also shown that the estimators of g can
converge at the optimal rate in the purely nonparametric regression determined in Stone (1980,
1982). In these studies, the dimension of the covariate vector X was fixed and the problem of
variable selection in X via penalization was not considered. The PLM is a basic and one of
the most studied semiparametric models. In addition to the work on the PLM, there has also
been extensive research on efficient estimation in a large class of semiparametric models, see for
example, Bickel, Klaassen, Ritov and Wellner (1998) and the references cited therein. However,
the results for the PLM with a finite-dimensional 3 and those for the semiparametric models in
general are not applicable to the PLM with a divergent number of covairates. Indeed, it appears
that there is no systematic theoretical investigation of estimation in semiparametric models with a

high-dimensional parametric component.

We are particularly interested in 3 when it is sparse, in the sense that many of its elements are
zero. Our work is motivated from biomedical studies that investigate the relationship between
a phenotype of interest and genomic measurements such as microarray data. In many such
studies, in addition to genomic measurements, other types of measurements such as clinical or
environmental covariates are also available. To obtain unbiased estimates of genomic effects, it
is necessary to take into account these covariates. Assuming a sparse model is often reasonable
with genomic data. This is because although the total number of measurements can be large, the
number of important ones is usually relatively small. In these problems, selection of important

covariates is often one of the most important goals in the analysis.

We use the SCAD method to achieve simultaneous consistent variable selection and estimation



of 3. The SCAD method is proposed by Fan and Li (2001) in a general parametric framework for
variable selection and efficient estimation. This method uses a specially designed penalty function,
the smoothly clipped absolute deviation (hence the name SCAD). We estimate the nonparametric
component g using the partial residual method with the B-spline bases. The resulting estimator of
(B3 maintains the oracle property of the SCAD-penalized estimators in parametric settings. Here
the oracle property means that the estimator can correctly select the nonzero coefficients with
probability converging to one and that the estimators of the nonzero coefficients are asymptotically
normal with the same means and covariances that they would have if the zero coefficients were
known in advance. Therefore, an oracle estimator is asymptotically as efficient as the ideal
estimator assisted by an oracle who knows which coefficients are nonzero. For the nonparametric
component, convergence of the estimator of g in the SCAD-penalized partially linear regression

still reaches the optimal global rate.

There have been several investigations on asymptotic properties of penalized estimation in
parametric models. Knight and Fu (2000) studied the asymptotic distributions of bridge estimators
when the number of covariates is fixed. Fan and Li (2001) studied asymptotic properties of SCAD
penalized likelihood methods when the number of parameters is finite. Fan and Peng (2004)
considered the same problem when the number of parameters diverges. Under certain regularity
conditions, they showed that there exist local maximizers of the penalized likelihood that have an
oracle property. Huang, Horowitz and Ma (2006) studied the bridge estimators with a divergent
number of covariates in a linear regression model. They showed that the bridge estimators have
an oracle property under appropriate conditions if the bridge index is strictly between 0 and 1.
Several earlier studies have investigated the properties of regression estimators with a divergent
number of covariates. See, for example, Huber (1981) and Portnoy (1984, 1985). Portnoy proved
consistency and asymptotic normality of a class of M-estimators of regression parameters under
appropriate conditions. However, he did not consider penalized regression or selection of variables

in sparse models.



The rest of this article is organized as follows. In Section 2, we define the SCAD-penalized
estimator (Bn, Jr) in the PLM, abbreviated as SCAD-PLM estimator hereafter. The main results
for the SCAD-PLM estimator are given in Section 3, including the consistency and oracle property
of En as well as the rate of convergence of g,,. Section 4 is describes an algorithm for computing
the SCAD-PLM estimator and the criterion to choose the penalty parameter. Section 5 offers
simulation studies that illustrate the finite sample bevavior of this estimator. Some concluding

remarks are given in Section 6. The proofs are relegated to the Appendix.

2. Penalized estimation in PLM with the SCAD penalty. To make it explicit that the covariates

and regression coefficients depend on n, we write the PLM
}/;:X(n)lﬁ(n)—i_g(ﬂ)—i_gw i=1,...,n,

where (X!, T,,Y;) are independent and identically distributed as (X™,7,Y) and ¢; is

independent of (X!™,T;) with mean 0 and variance 0.

We assume that 7" takes values in a
compact interval, and for simplicity, we assume this interval to be [0,1]. Let Y = (Y7,...,Y},)

and let X" = (X;

i, 1 <i<n,1<j<p,)bethen x p, design matrix associated with B(”) In
sparse models, the p,, covariates can be classified into two categories: the important ones whose
corresponding coefficients are nonzero and the trivial ones that actually are not present in the

underlying model. For convenience of notation, we write

g™ = (", By, (1)

where 6@/ = (ﬁ%n), . 5( ) and B, ) — = (0,...,0). Here k,(< p,) is the number of nontrivial

covariates. Let m,, = p,, — k,, be the number of zero coefficients.

We use the polynomial splines to approximate g. For a positive integer M, let A,, = {5,1,,}34;1
be a partition of [0, 1] into M,, + 1 subintervals I,, = [, &np+1) v = 0,..., M, — 1 and
Liv, = [éum,,1]. Here & = 0 and &,,+1 = 1. Denote the largest mesh size of A,

maxXo<, <, 1&nwt1—Emw > by A,. Throughout the article we assume A, = O(M;1). Let S,,,(A,,)



be the space of polynomial splines of order m with simple knots at the points &,,1, . . ., &z, - This
space consists of all functions s with these two properties:

(i) Restricted to any interval 7,,,(0 < v < M,), s is a polynomial of order m;

(ii) If m > 2, sis m — 2 times continuously differentiable on [0, 1].

According to Corollary 4.10 in Schumaker (1981), there is a local basis {B,,, 1 < w < ¢,} for

Sn(A,), where ¢, = M,, + m is the dimension of S,,,(4A,,). Let
Z(t;Ay) = (Bu(t), ..., Bug, (1))

and Z™ be the n x ¢, matrix whose ith row is Z(T}; A,)". Any s € S,,(A,) can be written
s(t) = Z(t; A,)'a™ for a g, x 1 vector a™. We try to find the s in S,,,(A,,) that is close to g.
Under reasonable smoothness conditions, g can be well approximated by elements in S. Thus the

problem of estimating g becomes that of estimating a(™.

Given a > 2 and X\ > 0, the SCAD penalty at 6 is

Ao o< A,
paBia) = —(@ —2000] + X)/2(a— 1)), A<|0] < a)
(a+1)M\%/2 , 0] > aA.

More insight into it can be gain through its first derivative:

sgn(6)A , O < A,
p(0:a) = ¢ sgn(@)(aX —10))/(a—1), A<[0] <a,
0 .10 > a.

The SCAD penalty is continuously differentiable on (—o0,0) U (0,00), but singular at 0. Its
derivative vanishes outside [—a\, a\]. As a consequence, SCAD penalized regression can produce
sparse solutions and unbiased estimates for large coefficients. More details of the penalty can be

found in Fan and Li (2001).



The penalized least squares objective function for estimating ﬁ(") and a™ with the SCAD

penalty is
Pn
Qn(b(n)7 a(n); Ay @y Apym) = |[Y — X(Mpr) _ 7n)4(n) ||2 +n ZpAn (bén); a). )
j=1

Let
(B(n) a(n)) = arg min Qn(b(n)a a(n); )\na a, An? m)

n n

The SCAD-PLM estimators of 3 and g are 3, and §,(t) = Z(t; A,)'a"™, respectively.

The polynomial splines were also used by Huang (1999) in the partially linear Cox models.
Some computational conveniences were also discussed there. We limit our search for the estimate
of g to the space of polynomial splines of order m instead of the larger space of piecewise
polynomials of order m, with the goal to find a smooth estimator of g. Unlike the basis pursuit in
nonparametric regression, no penalty is imposed on the estimator of the nonparametric part as our

interest lies in the variable selection with regard to the parametric part.

For any b, the a(™® that minimizes Q,, necessarily satisfies
77 (n) g(n) — Z(n)/(y _ X(")’b(”)).

Let Pz = 7™ (Z™'7"))~1 7" be the projection matrix of the column space of Z(™. The profile

objective function of the parametric part becomes
~ Pn
Qu(b™; X, 0 Anm) = (1= PZ)(Y = XOBO) P40y s, (050). ()
j=1

Then

Bin) = arg min Qn(b(”); Any @y Ay, m).

Because the profile objective function does not involve a™ and has an explicit form, it is useful
for both theoretical investigation and computation. We will use it to established the asymptotic
properties of B,(ln) Computationally, this expression can be used to first obtain B;n) Then A\ can

be computed using the resulting residuals as the response for the covariate matrix Z™.
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3. Asymptotic properties of the SCAD-PLM estimator. In this section we state the results
of the asymptotic properties of the SCAD-PLM estimator. First, we define some notations. Let
0§”) (t) = E[X J(")| T =t|forj = 1,...,p,. Letthe p, x p, conditional variance-covariance
matrix of (X™|T = t) be £ (¢). Let e™ = X®™ — £ [X™|T]. We can write 2™ (t) =
Var(e™|T = t). Denote the unconditional variance-covariance matrix of e by Z(™). We have

=M = E[XM(T)]. We assume the following conditions on the smoothness of g and QJ(-"), 1<
J < P
Condition 1. There are absolute constants v, > 0 and My > 0 such that
Sup sup |07(120)(t2) — 97(17;6)(t1)| S M@|t2 — tl‘%), for O S tl, tg S 1,
n>11<j<pn
and the degree of the polynomial spline m — 1 > ry. Let sy = 79 + 7p.

Condition 2. There exists an absolute constant 0,4, such that foralln and 1 < j < p,,

1
E[egn) | T] < 04, almost surely.

Condition 3. There are absolute constants 7, > 0 and M, > 0 such that
197 (ts) = g (t1)] < Mylty — ta,  for0 <ty 8, <1,
withry, <m — 1. Let sy = ry + 7,.

As in nonparametric regression, we allow M,, — oo but M,, = o(n). In addition, we assume
that the tuning parameter A, — 0 as n — oo. This is the assumption adopted in nonconcave
penalized regression (Fan and Peng 2004). For convenience, all the other conditions required for

the conclusions in this section are listed here.

(A1) (@) lim, o p2/n = 0; (b) lim,, . p2 M?/n* = 0; (¢) lim,, o p, /M2 = 0.
(A2) The smallest eigenvalue of Z(™), denoted by A\in (E™), satisfies

lim inf )\min(E(”)) =cy > 0.

n—oo



(A3) Ap = o(kn'/?).
(A4) lim inf miny <<, | B = c5 > 0.

(A5) Let Apax (2) be the largest eigenvalue of 2. (a) lim \/ppAmax(2M™) /(v/2A,) = 0; (b)
hm V pn)\max(E(n))/(MZg)\n) = 0

(A6) Suppose for all t in [0,1], w(ZW(t) < tr(Effl)l) and the latter satisfies
lim /(20" ) M,y *" = 0 and lim te(2("),) M,,/n = 0.

u,

(A7) lim /nM, ") = 0.
Theorem 1. (Consistency of B ) Under (Al)~(A2),

() n L
18" = B™| = 0p(\/pa/n+ M + k).

Thus under (Al)—(A3),
P

15" - 8" 0.

This theorem establishes the consistency of the SCAD-PLM estimator of the parametric part.
(A1) requires the number of covariates considered not to increase at rates faster than y/n and
My/*e, (A2) is a requirement for model identifiability. It assumes that = is positive definite so
that no random variable of the form §i1 c; X ;n), where ¢;’s are constants, can be functionally
related to 7. When p,, increases with n, 2™ needs to be bounded away from any singular matrix.
The assumption about \,,, (A3), says that \,, should converge to 0 fast enough so that the penalty
would not introduce any bias. The rate at which \,, goes to 0 only depends on k,,. It is interesting
to note that the smoothness index s, of g and the number of spline bases M,, affects the rate of
convergence of E(n) by contributing a term M,, **. When p,, is bounded and no SCAD penalty is
imposed (\,, = 0), the convergence rate is O(n_l/ 24+ M, 89), which is consistent with Theorem 2

of Chen (1988).



Corresponding to the partition in (1), write B(n) = (Bin),, B;n)/)’ , where ,@in)/ and E;n)/ are
vectors of length k,, and m,,, respectively. The theorem below shows that all the covariates with
zero coefficients can be detected simultaneously with probability tending to 1, provided that )\,

does not converge to 0 too fast.

)

Theorem 2. (Variable selection in X™) Assume all the e§-n 's support sets are contained in a

compact set in R. Under (Al)—(AS5)

lim P(BY = 0) = 1.

n—oo

(AS5) puts restriction on the largest eigenvalue of =™). In general, Apax(Z™) = O(p,), as

can be seen from
Amax(E2™) < tr(2M™) < ppy/0se.

There is the question of whether there exists a A, that satisfies both (A3) and (AS5). It can be
checked that, if p, = o(n'/?) there exists \, such that (A3) and (A5) hold. When k, is bounded,
the existence of such ), only requires that p,, = o(n'/?). This relaxation also holds for the case

when A« (Z() is bounded from above.

By Theorem 2, B;n) degenerates at 0,,, with probability converging to 1. We now consider
the asymptotic distribution of ,?35") According to the partition of B™ in (1), write X and ="

in the block form:

X(n) _ (Xgn) Xgn) )7
M~~~
nxkn MXMp
k, mp,
WEE"

[
g
|

:(n) :(n)
Mp \ Z91 =29

Let A,, be a non-random ¢ X k,, matrix with full row rank and

n

—1 -1
S, = n’A, [Xﬁ"”([ - Pz)xg")] = [x@’u —PpXM] AL
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Theorem 3. (Asymptotic distribution of B(n) ) Suppose that all the support sets of egn) 's are

contained in a compact setinR,j =1, ..., p,. Then under (Al)—(A7),

N Dl 2An(3§n) — A"y L, N(0,, 0%1,). 4)

The asymptotic distribution result can be used to construct asymptotic confidence intervals for

any fixed number of coefficients simultaneously.

In (4), we used the inverse of Xg")/(l — Pz)Xgn) and that of YJ,,. Under assumption (A2),
by Theorem 4.3.1 in Wang and Jia (1993), the smallest eigenvalue of EY}) is no less than c)
and bounded away from 0. By Lemma 1 in the Appendix, X\"'(I — Pz)X{" is invertible with
probability tending to 1. The invertibility of >:,, then follows from the full row rank restriction on

A,.

(A6) may appear a little abrupt. It requires Z?;l Var(e?”\ T = t) to be less than the trace of a

ky, X K, matrix 2821 as t ranges over [0, 1], which is considerably weaker than the assumption that

21(:?1)1 — »"(¢) is a nonnegative definite matrix for any ¢ € [0, 1]. We can also replace tr(Ele)

by £, in the assumption, since for all Z,
kn
ZVar(e§”)| T =1t)<ky\/Ce.
j=1

(A7) requires that g and '™ be smooth enough. Intuitivel , a smooth g makes it easier to estimate
q 9 ] g y g
3. The smoothness requirement on 9](.") also makes sense, since this helps to remove effect of T’

on X ](") and the estimation of 3 is based on the relationship

Y —ElY|T] = (X - EX|T])§ +e.

We now consider the consistency of g,,. Suppose that 7" is an absolutely continuous random

variable on [0, 1] with density fr. We use the L, distance

6 — gllr = { / ) — 9O Fr (1) dt}m.
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This is the measure of distance between two functions that were used in Stone (1982, 1985). If
our interest is confined to the estimation of 3™, we should choose large M,, unless computing
comes into consideration. However, too large an M,, would introduce too much variation and is

detrimental to the estimation of g.

Theorem 4. (Rate of convergence of g,,) Suppose M, = o(y/n) and fr(t) is bounded away from
0 and infinity on [0, 1]. Under (A1)—(AS5),

H/g\n - gHT = OP(k’n/\/ﬁ'i_ V Mn/n+ V kn M, %).

In the special case of bounded k,, Theorem 4 simplifies to the well-known result in

nonparametric regression:

[9n = gl = Op(v/ My /1 + M, ).

When M, ~ n~'/(2s+1) the convergence rate is optimal. However, the feasibility of such a
choice requires s, > 1/2. To have the asymptotic normality of Bin) hold simultaneously, we
also need sy > 1/2. In the diverging k,, case, the rate of convergence is determined by k,, py,

M, s, and sy jointly. With appropriate s4, s¢ and p,, the rate of convergence can be n~2k, +

kjyll/(43g+2)nfsg/(2sg+1) ]

4. Computation. The computation of the SCAD-PLM estimator involves the choice of \,,. We
first consider the estimation as well the standard error approximation of the estimator with a given
A, and then describe the generalized cross validation approach to choose appropriate A, in the

PLM.

4.1. Computation of B(n) and g,,. The computation of (,@(n),’g\n) requires the minimization of
(2). The projection approach adopted here converts this problem to the minimization of (3). In
particular, given m and a partition A,,, a basis of S,,(A,,) is given by (B,1, . .., By, ). The basis

functions are evaluated at 7,7 = 1,...,n and form Z,. In Splus or R, this can be realized with
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the bs function. Regress each columns of X and Y on Z,, separately. Denote the residuals by
X(™ and Y. The minimization of (3) is now a nonconcave penalized regression problem, with
observations (X(”), 3?) We also standardize the columns of X(™ so the covariates with smaller

variations will not be discriminated against.

Fan and Li (2001) proposed to approximate the nonconcave penalty with a local quadratic
function, to facilitate the use of the Newton-Raphson method. At the kth step, suppose the initial
value of the jth element of the kth step estimator of B™ is bg . The penalty function p,(b;) for

b; around b( is approximated by

AN o 2

pa(Ibs]) & pallb) 1) + = Tl (82 = b ;- 5)

An undesirable outcome of this approximation is the estimate of ﬁj(-”) has to end up being 0 once

it reached 0 in any step.

Hunter and Li (2005) described a minorize-maximize (MM) algorithm to compute the
nonconcave penalized estimator. In this algorithm, the approximation in (5) is improved with
a small perturbation £ > 0 to handle the non-differentiability at 0. This prevents the estimation

from being trapped at 0. Let

[b;] 7
7 pi(u)
prell) = me =€ [ 2L
In the (k + 1)th step, the penalty function py(b;) for b; around b( is approximated by

(n)
Pi(lby; 1 +) n) 2
J(n) (bJZ‘ o bgk)),j )- ©)
2(8 + [0y 51)

When £ is small, the difference between (5) and (6) should be small. We adopt this algorithm for

pae(lbi]) = pre(by ;1) +

computing E "
Given A, and a, the profile objective function is

n Pn

Qne(d™: N\, a) = Z(Y X(n —i—anAg ) a).

=1
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Let b ) be the solution at the kth step in the iteration. In the (k + 1)th step, around bEZ)), we

approximate Qn,g by

n

" (n npy (b i1+ a) - m2 ) 2
Ste(b™: A a) = 3 (V= X'b™) +n2pm Ja)+ 2+ b ) (65" = by s )-
1= ]. (k)vj

Therefore the one-step estimator starting at 3, is

b(”)

ey = (XX 4 nDe (b Aoy )XY,

where D¢ (bEZ)) ; An, a) is the diagonal matrix whose diagonal elements are %pl)\<|b8§))yj|+; a)/ (& +

b )G =1, . Pa.
Given the tolerance 7, convergence is claimed when

0Qn,e (™)

<
(n)
o

Vi=1,...,p.

-
2 )
In the final b, the bg-")’s (1 < j < p,) that satisfy

0Qne(b™)  9Q,(b™M)
o opt™
J

J

_ nén(IBila) T
£+ 1065 2

are set to 0. To start, we may take the least square estimator

(n)
by g

_ (RO M) 1K 0y
as bgg)). The perturbation £ should be kept small so that the difference between @n,g (8) and Q,.(3)

is negligible. Hunter and Li (2005) suggested using

T

&= 2n\,

min{[b{g) | - b3, # 0}
Simulation in the next section shows that this algorithm works very well for our problem.

Once we have computed B(n), the value of g at some ¢ € [0, 1] is estimated by

(n)

Gu(t) = Z(: A, ) (2022 (Y — XBT,

14



4.2. Standard errors. Like all estimators computed with the Newton-Raphson algorithm,
the standard errors for the nonzero coefficient estimates can be derived from the Hessian matrix.

Specifically, by the local linear approximation,

0Se(b"; Nyya) _ 0Se(BY; Ava) | 92Se(BYY; Ay a)

(b{" — B{"),

w 861") 08™M o
we have
b _ g _(3255( g");Ama)>_1 0S:(8"”; A, a)
08" 08" 08"
b ob™’ bt
Since
0Se(by"”; Any ) SN o b, (5))
Lo = —2XY 2K X™b 4 n ”—
b} &+ 10"
n (n) n
=Y [kl )Y+2X<”)X(">’b§>+bj Ph, (10;71)
i=1 £+ !bﬁn)\
£ 2 Uy(& M. a),
i=1
it follows that, for j,l = 1,...,py,
85 (b\™: A, 85S¢ (b\™: A, d "
Cov(n™'/? 2 816(’;) ,a) nl/? el 816 : ,a ZUZ]Uzl ZUijZUil = 4(Cov(U));;.
J J i= i

Therefore the variance-covariance matrix of the nonzero estimators can be approximated by

)

Cov(B.") = n(XKE 4 nDe(BY; A, @) Cov(U)XM'K™ 4 nDe(BY; Any ).

4.3. Selection of )\,. The above computation procedures are for the case when ), and a are
specified. We choose )\, by minimizing the generalized cross validation score [Wahba (1990)],
which is defined to be - e )

Y - X8, (A a)|P/n

GCV(\,a) = (1 —eff(X, a)/n)?

15



where

IS n 1
emx@:uF¢WXWX@+anﬁkx@M@» X@l

is the number of effective parameters and Dg(Bin)()\,a);)\,a) is a submatrix of
Dg(B(n)()\,a); A,a). Likewise, 52&"’ only includes the columns of which the corresponding

elements of [A'i'(n) (A, a) are non-vanishing.

The requirement that @ > 2 is needed in the SCAD penalty function. Simulation studies
indicate that the generalized cross validation score would not change much for a range of values

of a. So for computational efficiency, we fix a = 3.7, as suggested by Fan and Li (2001).

Note that here we use fixed partition A,, and m in estimating the nonparametric component g.
Data-driven choice of them may be desirable. However, in our simulations, m = 4 (cubic splines)

and M,, < 3 with even partition of [0, 1] serves the purpose well.

5. Simulation study and data example. In this section we illustrate the SCAD-PLM estimator’s
finite sample properties with simulated examples. In both examples, we use m = 4, M,, = 3 and

the sample quantiles of 7;’s as the knots.

Example 1. In this study, we simulate n = 100 points 7;,7 = 1,...,100 from the uniform
distribution on [0, 1]. For each ¢, e;;’s are simulated to be normally distributed with autocorrelated

variance structure AR(p) such that
Cov(ei;,en) = po~11 < 4,1 <10,
X;;’s are then formed as follows:
Xiy = sin(21;) + e, Xio = (0.5 + T3) 7% + ei, Xig = exp(T;) + €53, Xi5 = (T; — 0.7)* + €55,
Xig = Ti(1+T7) ™" +ew, Xir = 1+ T +eir, Xig = 1og(3T, 4 8) + eis, Xij = €35, j = 4,9, 10,
The response Y; is computed as

10
Y; :ZXijﬁij—i—cos(T)—l—ai, i=1,...,100.
j=1
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where 3; = j,1 < j < 4, 3; = 0,5 < j < 10, and ¢;’s are sampled from N (0, 1), and
For each p = 0,0.2,0.5,0.8, we generated N = 100 data sets. For comparison we apply the
SCAD penalized regression method, treating 7; as a linear predictor like X;;’s. The corresponding
estimator is abbreviated as LS-SCAD estimator. Also linear regression and partially linear
regression without penalty are applied for comparison. The linear regression with model selection

based on AIC (abbreviated as LS-AIC) is also included in the comparison.

The results are summarized in Table 1 and 2. Columns 3 through 6 in Table 1 are the averages
of the estimates of 3;,j = 1,...,4 respectively. Column 7 is the numbers of estimates of 3;,5 <
7 < 10 that are 0, averaged over 100 simulations, and their medians are given in Column 8.
Column 9 gives the sums of the numbers of estimates of 3;,7 = 1,...,4 that are 0. The last
column only makes sense for the LS-SCAD and LS-AIC estimators. It gives the percentage of

times in the 100 simulations in which the coefficient estimate of 7" equals O.

In this simulation model, the nonparametric part g(7) = cos(7T) can be fairly well
approximated by a linear function on [0, 1]. As aresult, the LS-SCAD estimator is expected to give
good estimates. It is shown in Table 1 that the estimates of 3;,1 < j < 4 are all very close to the
underlying values. The SCAD-penalized counterparts are comparable to the traditional estimators.
Neither the linear regression method nor the partially linear regression does any variable selection.
LS-SCAD and PLM-SCAD pick out the covariates with zero coefficients efficiently. LS-AIC has
similar performance to the LS-SCAD estimator. On average each time 83% of the covariates with
zero coefficients are selected and none of the covariates with nonzero coefficients are incorrectly
chosen as trivial in the 100 simulations. However, in each setting, about 2/3 of the time, the
LS-SCAD method attributes no effect to 7', which does have a nonlinear effect on Y. This is due
to the relatively small variation caused in g(7) (with a range less than 0.5) compared with the

random variation.
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Table 2 summarizes the performance of the sandwich estimator of the standard error of the
PLM-SCAD estimator. Columns 2, 4, 6 and 8 are the standard errors of 3;,1 < j < 4 in the 100
simulations, respectively, while Columns 3, 5, 7 and 9 are the average of the standard deviation
estimates of these coefficients, obtains via the Hessian matrices. It is seen that the sandwich
estimator of the standard error works well, although it slightly underestimates the sampling

variation.

Example 2. This study is similar to Example 1 except that the responses are simulated from

10
Y, = Z X8 + cos(2nT;) + €.

j=1
So here g(T') = cos(27T). In Example 1, g(T') = cos(T'). This change in g(7") makes it difficult
to have a linear approximation of ¢(7") on [0, 1]. So the LS-SCAD estimator is expected to fail in
this situation. Besides, the variation in g(-) (with a range of 2) is relatively large compared to the
variation in the error term. Thus misspecification of ¢(7") will cause bias in the estimation of the
linear part. This is reflected in Table 3. The LS-SCAD estimates of the nonzero coefficients are
clearly biased and the biases become larger as the correlation between covariates increases. It can
be seen in Column 9, when p = 0.8, the nonzero covariates are even estimated to be trivial, which

is not seen when the model is not misspecified.

6. Discussion. In this paper, we studied the SCAD-penalized method for variable selection and
estimation in the PLM with a divergent number of covariates. B-spline basis functions are used for
fitting the nonparametric part. Variable selection and coefficient estimation in the parametric part
are achieved simultaneously. The oracle property of the SCAD-PLM estimator of the parametric

part was established and consistency of the SCAD-PLM estimator of the nonparametric part
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was shown. Compared to the classical variable selection methods such as subset selection, the
SCAD has two advantages. First, the variable selection with SCAD is continuous and hence more
stable than the subset selection, which is a discrete and non-continuous. Second, the SCAD is
computationally feasible for high-dimensional data. In contrast, computation in subset selection

is combinatorial and not feasible when p is large.

We have focused on the case where there is one variable in the nonparametric part.
Nonetheless, this may be extended to the case of d covariates 77, ...,7T,. Specifically, consider
the model

Y =XMBW 4 g(Th, ..., Ty) +e. (7

The SCAD-PLM estimator (B(n) , gn) can be obtained via

n Pn
(b@»é%rs,(ﬁe&{izl(y X(n tn Z P b !
Here S is the space of all the d-variate functions on [0, 1] that meet some requirement of
smoothness. In particular, we can take S to be the space of the products of the B-spline basis
functions, then project X(™ and Y onto this space with this basis and perform the SCAD-penalized
regression to Y on X(™. This has already been discussed in Friedman (1991). However, for large

d and moderate sample size, even with very small M,,, this model may suffer from the “curse of

dimensionality.”

A more parsimonious extension is the partially linear additive model (PLAM)

Y =p+ X" +291Tl (8)

where E[g;(7;)] = 0 holds for l = 1,...,d. To estimate 3 and g, for each 7}, we first determine
the partition A,,;. For simplicity, we assume that the numbers of knots are M,, and the mesh

sizes are O(M, 1) for all [. Suppose that X and Y are centered. The SCAD-PLAM estimator

(a(n) ,Gnls - - - gn1) 1s then defined to be the minimizer of

n

Z[Y X(n Z le zl 4+ Z p)\n 7 7

=1
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subject to

(i) >y ¢u(Ti) =0,
(ii) ¢ is an element of S,,,(A,).

~

Under the assumptions similar to those for the SCAD-PLM estimator, ,B(n) can be shown to
possess the oracle property. Furthermore, if the joint distribution of (773, ...,7}) is absolutely
continuous and its density is bounded away from 0 and infinity on [0, 1]¢, following the proof of
Lemma 7 in Stone (1985) and that of Theorem 4 here, we can obtain the same global consistency

rate for each additive component, i.e.

19 — aillr, = Op(kn/V/n 4/ Mp/n+ ko, M%), 1=1,...,d.

One way to compute the SCAD-PLAM estimator is the following. First, form the B-spline basis
{Bnw,1 < w < g,} as follows: the first M,, + m — 1 components are the B-spline basis functions
corresponding to 7} ignoring the intercept, the second M,, + m — 1 components corresponding
to T, and so on. The intercept is the last component. So here ¢, = dM,, + dm — d + 1. Now

computation can proceed in a similar way to that for the SCAD-PLM estimator.

Our results require that p,, < n. While this condition is often satisfied in applications, there are
important settings in which it is violated. For example, in studies with microarray data as covariate
measurements, the number of genes (covariates) is typically greater than the sample size. Without
any further assumptions on the structure of covariate matrix, the regression parameter is in general
not identifiable if p,, > n. It is an interesting topic of future research to identify conditions under
which the SCAD-PLM estimator achieves consistent variable selection and asymptotic normality

even when p,, > n.

20



References

[1]

(2]

[3]

[4]

[5]

[6]

(71

[8]

[9]

[10]

Bickel, P. J., Klaassen, C. A. J., Ritov, Y. and Wellner, J. A. (1998). Efficient and Adaptive

Estimation for Semiparametric Models. Springer, New York.

Chen, H. (1988). Convergence rates for parametric components in a partly linear model. The

Annals of Statistics, 16, 136—146.

Engle, R. F., Granger, C. W,, Rice, J. and Weiss, A. (1986). Semiparametric estimates
of the relation between weather and electricity sales. Journal of the American Statistical

Association, 81, 310-320.

Fan, J. and Li, R. (2001). Variable selection via nonconcave penalized likelihood and its

oracle properties. Journal of the American Statistical Association, 96, 1348—1360.

Fan, J. and Peng, H. (2004). Nonconcave penalized likelihood with a diverging number of

parameters. The Annals of Statistics, 32, 928-961.

Friedman, J. H. (1991). Multivariate adaptive regression splines. The Annals of Statistics,

19, 1-68.

Hirdel, W., Liang, H and Gao, J. (2000). Partially Linear Models. Springer Contributions to

Statistics Physica-Verlag, New York.

Heckman, N. E. (1986). Spline smoothing in a partly linear model. Journal of the Royal
Statistical Society. Series B, 48, 244-248.

Huang, J. (1999). Efficient estimation of the partially linear additive Cox model. The Annals
of Statistics, 27, 1536-1563.

Huang, J., Horowitz, J. L. and Ma, S. G. (2006). Asymptotic properties of bridge estimators
in sparse high-dimensional regression models. Technical report # 360, Department of

Statistics and Actuarial Science, University of lowa.

21



[11] Huber, P. J. (1973). Robust regression: Asymptotics, conjectures and Monte Carlo. The
Annals of Statistics, 1, 799-821.

[12] Hunter, D. R. and Li, R. (2005). Variable selection using MM algorithms. The Annals of
Statistics, 33, 1617-1642.

[13] Knight, K. and Fu, W. (2000). Asymptotics for lasso-type estimators. The Annals of
Statistics, 28,No. 6, 1356-1378.

[14] Portnoy, S. (1984). Asymptotic behavior of M estimators of p regression parameters when

p?/n is large: 1. Consistency. Ann. Statist. 12, 1298-1309.

[15] Portnoy, S. (1985). Asymptotic behavior of M estimators of p regression parameters when

p?/n is large: I1. Normal approximation. Ann. Statist. 13, 1403-1417.

[16] Robinson, P. M. (1988). Root-n-consistent semiparametric regression. Econometrica, 56,

931-954.
[17] Schumaker, L. (1981). Spline Functions: Basic Theory. Wiley, New York.

[18] Speckman, P. (1988). Kernel smoothing in partial lineal models. Journal of the Royal
Statistical Society. Series B, 50, 413—-436.

[19] Stone, C. J. (1980). Optimal rates of convergence for nonparametric estimators. The Annals

of Statistics, 8, 1348—1360.

[20] Stone, C. J. (1982). Optimal global rates of convergence for nonparametric regression. The

Annals of Statistics, 10, 1040-1053.

[21] Stone, C. J. (1985). Additive regression and other nonparametric models. The Annals of
Statistics, 13, 689-705.

22



[22] Wahba, G. (1984). Partial spline models for the semiparametric estimation of functions
of several variables. Analyses for Time Series, Japan-US Joint Seminar, 319-329. Tokyo:

Institute of Statistical Mathematics.

[23] Wahba, G. (1990). Spline models for observational data. CBMS-NSF Regional Conference

Series in Applied Mathematics.

[24] Wang, S. and Jia, Z. (1993). Inequalities in Matrix Theory, Anhui Education Press.

Department of Statistics and Actuarial Science
University of lowa
Iowa City, Iowa 52242

E-mail: huiliang-xie@uiowa.edu, jian-huang@uiowa.edu

Appendix. We now give the proofs of the results stated in Section 3. Write
X0 = (Xij) it = (05(T1)) mrn + (68)) imrn 2 07(T) + E,.
Lemma 1. Under (Al),

IXOV(1 = PIYX™ /n — 2| 5 0.

Proof. (Lemma 1) For simplicity, write
A — X(")’(_] _ pé’”)x(n)/n7 cm — A _ =)

Note that X(Jn) = e_(;-l) + 6,,;(T), where e.(}” = (eg?), E 767(2‘))/'

el _ e PMel) . (1 — P60 (T)

(n)) _ g - J
’le | - ’(T_“jl)+ n n
Lo = B8 6T - Pe(T),
n n
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By Condition 2,

Since

2

J

= n_QE{iiiiPii’HﬂE [egj Z(j) € ‘Z ]}

i=1 /=1 (=1 /=1

and
([ P REDMEP@), =i A=
PRSI T), =i =
PPy B [eeleel)|27] = & pazly (T)EZ”(Ti/), i=i A =1,
P2Elef} "), i=i=.=",
L 0, otherwise,

together with E( )(Ti) < 0;/* and Pé"l)z < 1, we have

2
E [nfle‘(;z)/Pén)e.(;?)] < n 20, {E[tr2(Pén))] + 2E[tr(P(n) )]} + n*204eE[tr(Pén))]

< n"%0ue(q; + 3qn).-

By Corollary 6.21 in Schumaker (1981) and the properties of least square regression,
E[n~105" (T)(I = P;)6]" (T)] < CLMy(&,)*",

where C is a constant determined only by rg. By the Cauchy-Schwarz inequality and C,
inequality we have

IC™* = Op(p2 /n + pi M, /n® + LM, ).
The convergence follows from (A1). ]
Lemma 2. E[tr(X™'(I — Pz)X™)] = O(np,).
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Proof.

Elw(X™'(I = Pz)X™)]
= B [w([E™ + 0")(T)] (I - PL)[E +6(T)))]
- B [tr(E(”)’([ — Pp)E™ + 2E™(I — P2)0™(T) + 0™ (T (I — PZ)O(”)(T))}
- E {E [tr(EW(I — Pp)E™ 4 2E™(I — P2)8™(T) + 6™ (T (I — PZ)0<">(T))|T} }
— E{E[w(E™(I - Pp)E™)T]} + E [tr(O(")(T)’(I - Pz)ew(T))}

< E{E[w(E"(I — Pz)E™)|T]} + Cinp, MyM,, >

_ E{E

Pn
= E[_t((I — Py (T))] + Cinp, My,
j=1

Pn
> eI - Pp)e?|T

=1

} + C’lnpnMgMn_QS‘)

< nppoil? + Cinpa MoM:2% . (tr(AB) < Amax(B)tr(A))

n

Here 2{7(T)) = diag(SV? (1), ..., S (T). O

Proof of Theorem 1

Proof. Lete = (e1,...,¢,) and g(T) = (g(71),...,9(T})) . Since B(n) minimizes Q,(b™), it

necessarily holds that

Qu(B™) < Qu(B™)
Rewriting this inequality, we have
n n ~(n) n n n ~(n) n nkn
|(Z = PEYXOB = B~ 2(e + g(T)'(1 = Py)XM(B" — ™) < = (a+ 1AL
Let
— n n n 1/2 A(n) n
8= [X(1 = PR (BT - ),

and

~1/2
wy, = n~ Y2 [X(")’([ - pgm)xw} XV (1 — P{Y)(e + g(T)).
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Then
K,
18,7 = 2,8, < o+ 1)X2,

1.e.

kn
18, — wall* < [lenll* + 5 lat DA

By the C.. inequality,

161 < 2 (118 — wall® + llwn]?)

< A|wn|l? + En(a + 1)A2.

Examine

|lwal? = nY(e+g(T))( — Py)X® X1 — PyHX® | XO(1 — P (e + g(T))

A

Inl + In2 + In?n

where
Im = n7le'(I— P{)X™ [X(")’(I - Pé"’)x@} X1~ pi)e,
Ly = 2n7'e/(I — PiYX™ [X(”)’(I . Pé”))X(”)] X1 — PYg(T),
L = (T (1 = PYRO [X(1 — Y] RO - PY)g().
Obviously,

Ly = E[E(I;|X™ T)]0p(1) = pon~0p(1).

By the property of projection matrices,
La < n”'g(T)'(I - By)g(T) = M *0(1).
Thus ||wy||> = Op(pn/n + M, >*). Furthermore,
1B” = B = Op(pn/n -+ My + k)2
follows from Lemma 1 with (A2). Thus (A3) immediately leads to the consistency. O]
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Lemma 3. (Rate of convergence) Suppose (Al)—(A4) hold. Then

18" = B = Op(v/pufn + /5 M9).

Proof. Let u,, = \/pn/n + Mn " + Vkn A\, When u,, = o(min; <<, |ﬁg('n)|), with probability

tending to 1, minlgjgkn ‘Bj(n)‘ > a)\n.

Given a sequence {h,, : h,, > 0} that converges to 0, partition R*"\{0,, } into shells {S,,;,{ =

0,1,...} where S,,; = {b(™ : 2=1h,, < |b™ — ™| < 2'n,,}. Then

o .
PIBY - a7 =2'h,) < o)+ 3 P(BY €810 < c/2)
zlhngzLLlun

oW+ Y P( i Q.(b™) < Q. (8" >||c<"||<ck/2)

b(mes, |
I>L
2 h,<2L1y,

IN

IN

)+ ZP ( sup  2(e +g(T))'(I — P)X™ (b — g") >

>L  \PMESny

inf (b0 — B = PX(B™) — B, || < y/2)

b(">€Snz

IN

»or ( sup (g +g(T)) (I — Pz)X™(b™ — gy > 92=4pe p2

I>L b(MeS,
+o(1).

Since

E sup |(e+g(T))(I - PpX"(b™ —gM)|
b(”)ESn,l

2 hy/ El(e + g(T))(I — Po)XWEO( — Pp)(e + g(T))]

IN

IN

ol+1/2p \/ Ele'(I — Pg)XWX(I — Pg)e] + Elg(T) (I — Pz)XMWX® (I — Py)g(T)]

IN

2l+1/2hn\/03npn + Elg(T) (I — Pz)g(T)tr(XWX® ([ — Pg))]

2'h, Cy (\/npn + n,/pn]\/[,;sg) .
Continuing the previous arguments, by the Markov inequality,

~(n) n Cs(\/Pn + /1My ™)
P(IBY = B = 2%h,) < of1) + 3 Bt )
I>L n

IN
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This suggests that ||B(n) — B = Op(\/Pn/n + /D) M. O
Proof of Theorem 2

Proof. Consider the partial derivatives of Q,,(8™ + v(®). We assume ||v("| = Op(y/pn/n +

)

/PnMy,*?). Suppose the support sets of eg." are all contained in a compact set [—C, C,]. For

j=ko+1,...,pp, if||V(")|| < A\,

0Q,(B™ +v™ : ) n
Q (g (:)FV ) _ X (T = P)XOv™ 42X (T = Py)(e + g(T)) + nAusgn(v”)
v
J

L Ly + oy + s .

max || = 2[X9(1 - Pp)X®v)]

kn+1<j<pn

IN

20vN, max
nt+1<j<pn

< (Vpa/n + VPaM7*)0p(1)  max  [|(I — Pg)X N2 (XTI — Pg)X™)

kn+1<j<pn

(VB + /B My )0 (1) A (E) + 03 (1)
\/pn(n + N2 My ) Anax (2O p (1),

X~ Pa)x )

So this term is dominated by 311, ; as long as

An An My
lim vn =00 and lim = 00,

PnAmax(Z2M) PnAmax(Z)

both of which are stated in (AS). To sift out all the trivial components, we need

P( max |l3;| >nA\,/2) — 0.

kn+1<j<pn
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This is also implied by (AS), as can be seen from

P( max |l | > n\,/2)

kn+1<j<pn
o 2B [mananJ‘Spn [ n,5]]
- nA,
S 2\/ j= k +1 IIT2LQ ]]
_ e J " +I{E[ eI — P)XX (1 — Pp)e] + Elg(TY(I - POXX (1 - Py)g(T)))
- n\,
< (& \/nmn + nMn_%gnmn
- N\, '
This completes the proof. ]

Proof of Theorem 3

Proof. Let A, be any ¢ X k, matrix with full row rank and >, = A,A/. From the variable

selection conclusion, with probability tending to 1, we have

~(n) n n n -1 n
B -8 =[xV - PR XU~ Po)(o(T) +e).

We consider the limit distribution of

3 —1/2 n n ~(n) n
V, = n2512A,20 [xg (1 - P)x| (B, - B)
2

— 2 2A L E0 TR (- ) (g(T) + )

é [nl + In?a
where

B /2 (n
Ln = n'?%, 1/2An 51) Xg )/([ — Pz)g(T),

—1/2
Lo = n /25127, =072 _ pye
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Note that the conclusion of Theorem 3 is equivalent to

V., % N(0,,021).

The first term is a 0p(1) term under (A6) and (A7), as shown in

n) 1/2 ~1/2

In = n V257127, = B (I — Pg)g(T) +n 25,2 A, 20 708 (T) (1 — Py)g(T),

= Il + ]In27
where

|al* = E|[L]*0p(1)

= 0B [g(T) (1 - PEED AL AR RN (1 - Pag(T)] 0p(1)
= B {g(Ty(1 - TPEOIT] (- Pa)g(T) } 0p(1)
< n 1E{< V(I = Pg) B [EMZEENIT] (1= Pr)g(T)} Op(1)
= 0B {g(T) (1 - Py)Diag (v S(1). ... w(EY T T) (1 - Pa)g(T) | Op(1)
< I = Pa)g(T) e (201,)

= (200) M;200p(1) = 0p(1),

n)—(n _1/2
) [Eg ):gl) A, X, 1An~11

and
n nfl n)/
Mol < 57t = PR)g(T) [PAmas (1 = P2)OM (T)ED ™ (1 = )60
< Y[ — Pa)g(T)|P[|(] — P2)6!" |

= n M, *mM;**0(1)

nM; 2sts00(1).

Decompose the second term /,,5 as

1/2 —1/2
[n2 — 71/22 1/2An._41?) / ]Egn)léf . n71/2251/2AnE§q) / Egn)/Pze

) 1/2

+n 2R 12A 2 6\ (T)(I — Pyp)e,

= Ml + I, + I,3.
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Actually, the last two terms above are trivial:

Mol = 0 0p()E[n(PEMESALS A,
< 0 '0p(1)E[tr(PEED T EM By
= n'0p(1)Eltr(PzEME™")]
< nlop(Mu(2))Eltr (Pg)]

= tr(S))) M, /nOp(1) = op(1).

~1/2

E Py)]

n —(n)~L 5 (n)r
|2 = 07 0p(WE [ur (1= PO (TIER 00 (T)(1 — Pp) )|

= k,M,;**Op(1) = op(1).
So we focus on I11,,; = n‘1/2251/2AnEY{)_I/QEgn)’s. Since
Var(IIl,,,) = E[Var(IIl,,|X™ T)] = ¢°I,,
by the central limit theorem we have
I, % N(0,,0°1,).

The conclusion follows from the Slutsky’s theorem.

Lemma 4. Sequences of random variables A, and random vectors

Op(u?), where {u,} is a sequence of positive numbers. Then

Proof. For any € > (0, there is some M, such that

P(E[A2|B,] > Mju2) < ¢/2.
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Let M2 = 2M, /e. Then

P(|A,| > Myu,) < P(|A,| > Myu,, E[A2|B,] < Myu?) + P(E[A2|B,] > Mu?)
< El(ansMoun) L(B1azBa)<ma2)] + /2
E{1(paz B <anu2) E[1( A, > Mpun) [ Bn] } +€/2

A2[B,
E 1(E[A%Bn}§M1u%)% +e/2
2%n

IN

< e

The arbitrariness of € implies the conclusion. [l
Proof of Theorem 4

Proof. The nonparametric component ¢() at a point ¢ € [0, 1] is estimated with

With probability tending to 1,

. , )51
Galt) —g(t) = Z(t;A,)(ZZM) 2O (Y - X B,

) —g(t)
= Z(t; ) (22 1Z‘")’(Y—X(”)6("))—g(t)
~Z(t; A,)(ZZ) 2K (B - B
= Z(tA,)(ZZ) T2 g(T) — (1)
+Z(t; A (27 )17 e
~2(6A,)(Z2) 20" (T) (B, — BLY)
~2(6A,) (227 ZVEN (B - B)

A

]nl + In2 + In3 + ]n4-

Consider [[g, — gl|F = [[9.(t) — g(t)]*fr(t)dt. Without further assumptions, by Lemma 9 in
Stone (1985),
[ Z1[l7: = Op(M%).
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When M,, = o(y/n), by Lemma 4 in Stone (1985),
E|1:2]|7]T] = Op (M, /n).

Therefore
[ 1n2]17 = Op(M,/n).
When {6"(-),n > 1,1 < j < k,} are uniformly bounded on [0, 1],
n n)\— n n A(n) n
ILsl3 < |2t A (ZWZ) 7 26 (T2 18, — 87|12

< [O(ky) + Op(k, M%) [Op(1) M *%9 + k,,/nOp(1)]

Op(1) (ann_ng + kin‘l) .
Similarly,

n n)\— n n ~(n) n
a2 < |Z(6 A (222 ED 28, - BT
A(n) n n n)\— n n
= 18, = BN IZ(t; A 2z Tz RN 2
< Op(k,M,/n)[Op(1) M + k, /nOp(1)]

= Op(1) (M ki J1 + Mok /)
To sum up, when k,, = o(y/n), we have

1Gn — 9”% = OP(/CZ/TL + M, /n+ ann_ng)' 0
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Table 1: Simulation 1, comparison of estimators

Estimator o B Ba Bs Ba K K SIK %@T)=0)
LS 0 0.9969 1.9932 29959 4.0084 0 0 0 0
0.2 1.0212 19845 3.0084 39824 0 0 0
0.5 1.0186 1.9748 3.0022 4.0098 0 0 0 0
0.8 1.0252 19786 2.9961 4.0120 0 0 0 0
LS-AIC 0 0.9806 1.9948 2.9928 4.0161 471 5 0 57%
0.2 1.0065 2.0099 2.9834 4.0107 478 5 0 56%
0.5 1.0139 2.0016 2.9654 4.0195 4.84 5 0 74%
0.8 1.0071 2.0181 2.9732 3.9989 495 5 0 78%
PLM 0 0.9903 1.9981 3.0038 39768 0 0 0 0
0.2 0.9960 1.9857 3.0056 3.9983 0 0 0 0
0.5 0.9790 2.0147 2.9858 4.0156 0 0 0 0
0.8 1.0100 1.9726 3.0363 39772 0 0 0 0
LS-SCAD 0 0.9843 20135 29857 3.9889 4.60 0 61%
0.2 0.9896 2.0250 2.9658 3.9926 4.53 0 75%
0.5 0.9971 2.0175 2.9512 4.0149 475 5 0 73%
0.8 1.0113 1.9907 3.0031 4.0018 4.64 5 0 64%
PLM-SCAD 0 0.9938 2.0000 3.0018 4.0050 4.41 5 0 0
0.2 0.9723 2.0101 3.0083 4.0052 447 5 0 0
0.5 0.9854 1.9822 3.0228 4.0095 472 5 0 0
0.8 0.9934 1.9961 3.0090 3.9948 487 5 0 0

Table 2: Simulation 1, standard error estimate

p se(B1) se(B1) se(Ba) se(B2) se(B3) se(fs)  se(Ba)  se(Ba)

0 0.1059 0.0969 0.1015 0.0983 0.1155 0.0978 0.1123 0.0978
0.2 0.1273 0.1002 0.1080 0.1036 0.0977 0.1014 0.1122 0.1028
0.5 0.1291 0.1131 0.1426 0.1268 0.1271 0.1266 0.1395 0.1153
0.8 0.1855 0.1613 0.2455 0.2104 0.2157 0.2150 0.1999 0.1767
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Table 3: Simulation 2, comparison of estimators

Estimator o B s s Ba K K Y IK %@T) =0)
LS 0 0.9032 21906 3.0205 4.0005 0 0 0 0
0.2 0.8771 22009 29758 3.9851 0 0 0 0
0.5 0.8113 22996 29471 39511 0 0 0 0
0.8 0.5723 2.6451 2.7889 3.9200 0 0 0 0
LS-AIC 0 0.9230 2.1822 3.0578 4.0286 4.96 5 0 69%
0.2 0.8908 2.1733 3.0175 3.9969 4.82 5 0 66%
0.5 0.8130 2.3084 29525 3.9734 4.85 5 0 38%
0.8 0.5742 25791 29127 3.8749 4.94 5 2 17%
PLM 0 0.9922 1.9965 3.0259 3.9898 0 0 0 0
0.2 0.9903 1.9927 3.0047 4.0036 0 0 0 0
0.5 0.9999 1.9917 29977 4.0101 0 0 0 0
0.8 0.9684 2.0355 29970 4.0008 0 0 0 0
LS-SCAD 0 0.9403 21625 3.0763 4.0157 4.61 5 0 65%
0.2 0.9003 2.1621 3.0295 3.9772 4.41 5 0 60%
0.5 0.8112 22540 29974 3.9741 4.88 5 0 42%
0.8 0.5480 2.6442 2.8314 3.9459 494 5 2 12%
PLM-SCAD 0 0.9780 1.9996 2.9895 4.0117 4.74 5 0 0
0.2 1.0021 2.0049 3.0129 4.0003 4.44 5 0 0
0.5 0.9899 2.0130 3.0046 4.0012 4.73 5 0 0
0.8 1.0023 1.9870 29852 4.0297 4.63 5 0 0

35



